Exercise 8

A Equation of a Curve in the form of y = f(x)

1
Solution
Given y=x ==X oo (1)
1
dy 1 - 1 .
dx 2
When x = 4,
dy 1, -1 1
L@ =4
& 2( ) 2( )
-7
4
Substitute x = 4 into (1).
y=-2

Equation of the tangent at (4,—2) is
7
(2=

7
=——x+5
Y=

. . . 7
The equation of the tangent at the point where x =4 is y = —Zx +5.

2
Solution

Given y=2x"+Inx+5
1
d—y:4x+—
X
Atx =1,

. . . . 1
Since the gradient tangent at x =1 is 5, then the gradient of normal = s

Equation of normal at (1,7) is

!
—7=-Luo
y 5( )
1o
_7=-Lyd
Y 5775
136
y=——x+—

B a:—l and b=—
5



3
Solution

a) Given =In
@) Y (4x+1

=

< recall In (%j =lna-Inb

=In(+/x)—In(4x+1)

:llnx—ln(4x+1)

2
_1__4
dx 2x 4x+1

Whenx=1,

_1__4
dr  2(1) 4(1)+1

3
10

The gradient of the tangent to the curve at x =1 is —%.

(b) Substitutex=1intoy = ln[

4x+1

=In ﬁ
Y 4 +1

y=-—In5

Equation of the tangent at (1, —In5) is

3
y—(-=In5) ——B(x—l)

y+In5 :—ix+i

10010

303
=——x+——ln5 .......... 2
Y700 10 @

... the equation of the tangent at P(1,—In5) isy = —%x +%—1n 5.

(¢) Given that the tangent cuts the x-axis at 0, i.e y =0.
Substitute y = 0 into (2)

:—ix+i—ln5
10 10
s-3 - 3,
10 10
3—- 10In5=3x
x:l—mlnS
3

.. the coordinates of Q are (1 —?ln S,Oj.



dy 1 4
d) F ): —=—-
(@) From (1) dx 2x 4x+1

_ —Ax+l
2x(4x+1)

Given that x = & is the equation of a normal to the curve, then % is undefined.
Let x(—4x+1)=

X =

0
1 . . . "
7 or x=0 (Rejected since x is any real positive real number)



4

Solution
(@) Given y=ex " .ccoveveriereennn, )
dy _
—— =€ =X e 2
& 2
Substitute x =1 into (1) and (2)

_ dy
~ y=e'land = =0
4 dx

Equation of tangent at (1, e')isy =¢e™'.

Substitute x = —1 into (1) and (2)
. y=-eand Q:2e
dx
Equation of tangent at (1, ¢™") is
y—(—e)=2e(x+1)

y+e=2ex+2e

y=2ex+e

Equation of tangent at (1, ™) is y = 2ex +e.

(b)

Let @ be the acute angle between the tangents.
tand = 2e

0=79.6° (1dp)

.. the required angle is 79.6°.



Exercise 8

B Tangent and Normal involving Implicit Equations

5
Solution

Let (x—1)" = (¥ +4)" =161, 1)
Difterentiating (1) wrt x.

2(x—1)—2(y+4)%:0

Xy+®g£:2@—b

d_y_ x—1
dx y+4

At (3, 2), gradient of the tangent is % =3.

Thus, gradient of the normal = ;—1 =-3.

dx

Equation of the tangent at (3, 2)
1
-2==(x-3
y 3( )

1
—2=—x-1
4 3

Equation of the tangent at (3, 2) isy = %x +1.

Equation of the normal at (3, 2)

y=2=-3(x-3)
y—2=-3x+9
y==-3x+11

Equation of the normal at (3, 2) isy+3x =11.



6

Solution
(@) Given 2x— 1" =(X+ 1) oo 1))
Differentiating (1) implicitly with respect to x
dy dy)
2-2y—=—=2(x+ )| I+— | o 2
rm ( y)( i @

When the tangent is parallel to the x-axis, i.e. % =0.

2—2y(0):2(x+y)(1+0)
2=2(x+y)

Substituting (3) into (1).
2x—(1-x) =(x+1-x)
2x—(1-2x+x%)=(1)

¥ —4x+2=0
-4
2
=242
When x=2-+/2, substituting into (2).
y=1-(2-+2)
——1+2
When x=2++/2, substituting into (2).
y=1-(2+42)
=—1-2

The equations of the tangents are y =—1+ V2 and y=-1- V2.

(b) From (2) in (a):
dy dy)
2-2y—==2(x+y)| 1+—
y (x y)( &
dy dy
2-2y—=—=2(x+y)+2(x+y)—
y (x+»)+2(x+y)

2:2(x+y)+2(x+2y)%

dy 1-(x+
Ey :x(+—2yy) ....................... 4)
Substituting x =2 and y = -2 into (4).
Sy 1
T 2

Tangent to C at 4(2,-2)
1

-(2)=—-(x-2

y=(2)=—5=2)

1
+2=——x+1
7 2

1
=X =1 e 5
y=-3 5



Substituting x = 0 and y = 0 into (4).

d_y is undefined.
dx

.. gradient of the normal at the origin is 0.

Hence normal to C at the originis y =0. .........cceeveneenn. 6)

When the normal and the tangent intersect, solve (5) and (6) simultaneously.
1
0=-—x-1
2
x=-2
.. the coordinates of B are (-2, 0).

Area of triangle OAB

1
-2 @)

=2 units’



7
Solution

(@) Let(x+1) =4€” e, 0}
Differentiate (1) implicitly with respect to x.

dy of dy j
200+ )| 1+ | =40 | x4
(x y)( 1 j e [xi y

Xy

dy d :
2(x+y)+2(x + y)— =4xe” —+4ye”
(x+y)+2(x+y) | LA

,dy dy ,
—2xe” —+(x+y)—=2ye” —(x+
3 oY) =20t (4 y)
dy 2ye” —y-—x
dx  y+x—-2xe”

(b) Substitute x =0 into (1)
(0+y)* =4
y=2 or y=-2(Rejected since the curve cuts the positive y-axis, i.e. y > 0)
- A(0,-2)

Substitute (0, 2) into & = 2¥¢" ZV =X
dx  y+x—-2xe”
dy 2(2)-2
& 2
=1
Gradient of tangent at (0, 2) is 1.
Equation of the tangent at (0, 2) is
y=2=1(x-0)
y=x+2

Equation of the tangent to the curve at A is y =x+2. .coecvevvreerennnnne. 2)

(c) Substitute (1) into (2).

(x+x+2)* =4

(2x+2)* =4+
(x+1)2 — ex2+2x
Using G.C.,
x=-2 or x=0 (reject since it is the x-coordinate of point 4)

Substitute x = -2 into (2).
Soy=0

The coordinates of B are (—2, 0).
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Solution
2 2
(@) Given 5%-—flg-=-l
X" +xy 2
2% =87 =X X e, @

Differentiate (1) implicitly with respect to x.

dy 2 @j
4x—-16y—=2x+ +x2y—
ydx (y ydx

2)c—y2 =%(2xy+l6y)

Cdy o 2x—y’
" dx 2xy+16y

(b) Substitute x =1 into (1).
20" =8y* =(1)* + (1)y*
2-8y°=1+)°
9% =1

W | —

y==
- pli-L I
R P(l, 3) and Q[l, 3).

At P(l,—%), substitute x =1 and y = —% into (2).

1
& T
dx 2 16
373
17
“



1
At Q[l, Ej’ Substitute x =1 and y :é into (2).

b_
dx

1

-9

2 16

J— + R

33
7

54
Equation of tangent at Q(l, éj

117
7Lt L (4)

MH+(2):
2y=0
y=0

1 17
Substitute y =0into (1): —=—(x—1
y (D 3 54( )

x—I:—E
17

1
X=-—
17

.. the exact coordinates of N are (—%, OJ.
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Solution

(@) x*—2xy+2y° =-12

Differentiate implicitly with respect to x :
2x - 2xd—y+2y +4yd—y: 0
dx dx

2x-2y :2x%—4y%

2x-2y =%(2x—4y)

dy 2x-2y
dx 2x-4y

=== (M

x=2y

At P(2,4), substitute x =2 and y =4 into (1).
dy 2-4

. .1
Gradient of tangent at P(2, 4) is 3

. 1
Equation of tangentat P(2,4):y—4= E(x -2)

1 10
S Xt e 2
y=3¥F3 (2)

. . 1 .
Since gradient of tangent at P(2, 4) is 3 .. gradient of normal = -3

Equation of normal at P(2,4): y—4=-3(x—-2)

(b) When tangent meets y-axis at 4, x =0.

Substitute x =0 into (2): y = ?

wafol)
3

When normal meets x-axisat B, y =0
Substitute y =0 into (3):3x=10
_ 10
"3

X



Length of AP = \/(0 -

Area of triangle APB

:lePxBP

2

1 /40 /160
=X |—x |—

2 9 9

40

=— units’
9

>
-

a




Exercise 8

B Tangent and Normal involving Parametric Equations

10
Solution
(a) Given x=af—asind ................... (1N
and y=a-acos@ ... 2)
Differentiate (1) with respect to 6
& =a—acosd
dé
Differentiate (2) with respect to &
d_y =asinf
deo
Using the Chain Rule,
dy
d_ 40
dr &
deé
_b 46
dé dx
=asindx !
a—acost
_ sind
I1—cosé@
2sin 0 cos 0
-2 2 < use double angle formula
2sin® —
2
dy 0
. —=cot— (Shown) ......cccceeereuenn. 3
= 5 ( ) 3)

(b) Substitute 6 =% into (1), (2) and (3)

V4 (7
From (1) x—a(g)—asmtgj

From(2) y=a- acos[%)

From (3) Y =cot™
dx

. . . 1
As the gradient at € :g is /3, .- gradient of normal = ———

3



Equation of normal at 8 2% is

L, B
SRRV R
y——Lx-l— ar
NERENE)
The equation of the normal to the curve at & :% isy= —%x+

a

T
33
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Solution
(@) Given x=at’ ...ccooeeevennn... (1)
and  y=2af ..o, 2)
Differentiate (1) with respect to ¢
% =2at
dr
Differentiate (2) with respect to ¢
Y =2a
dr
Using the Chain Rule,
dy
Y _a
dr &
dr
_dy 4
dr dx
=2ax L
2at
_I
t

. . !
The gradient of tangent to the curve with parameter ¢ is —.
t

.. the gradient of normal is —¢.

Equation of normal to the curve at any point with parameter ¢ is
y—2at =—t(x—at”)
syt =2at+at’ (ShOWn) ...o.ocooovevvveeeeieeeeeeenn. 3)

(a) Substitute = —1 into (3).
y+x(=1) =2a(-1)+a(-1)’

y—x=-2a-a

Given that the normal cuts the curve again at R,
substitute (1) and (2) into (4)

2at = at’> -3a
S =2t-3=0
t=3 or -1 (Rejected, since it is the gradient of normal)

Substitute ¢ = 3 into (1) and (2):
x=9a and y = 6a

.. the coordinates of R are (9a, 6a)



(b) When the line and curve intersect,
substitute (1) and (2) into yp = x +a.
QQat)p =at’ +a
at* =2pat+a=0 ...coeoeeennn.. %)

Given that line and curve intersect cut at 2 distinct points, discriminant of (5) > 0.

ie. (2pa)’ —4a(a)>0 <useb’ —4ac>0
4p*a’ —4a*> >0
(p+D(p-1>0

~ p>lorp<—1
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Solution
(a) Given x:t+; ..................... (1)
1
and y= R )

Differentiate (1) with respect to ¢
dx 1 -1

—:1——: )

dt s t

Difterentiate (2) with respect to ¢
dy I £ +1

=Ty 2

dt £t

Using the Chain Rule,

Substitute ¢ = p into (1), (2) and (3)

From (1) )c:p+l
p
1
From(2) y=p——
p

. . 1 1
.. the coordinates of point P are [ p+—.,p ——j.
p p

p2+1
p’-1

dy
F 3) —=
rom (3)

p2+1

2

The gradient at # = p is .
p -1




Equation of the tangent at P is

1) p*+1 1
y-lp——|=5 x—| p+— <qusey—y, =m(x—x,)
r) p -1 P
2_1 2+1 2+1
y_{p i p
P p -1 P

1] 241
pz—l{y—(p =p*+l x—p < multiply (p* —1) on both sides

(P> ~Dy—(p* -1’ H — (P 4+ Dx—(p* +1) H
p p
(p2 +l)x—(p2 -y= (p2 +1)2 (lj—(p2 —1)2 (lj < factor out l
P P P
- H[(pz ) =(p" 1]
P

:(lj[p4+2p2+l—p4+2p2—1]

p
1
=—(4p?)
p
=4p
The equation of the tangent at P is (p> +D)x—(p° =)y =4p. woveeeeeeeereenn. (4)  (Shown)
(b) Lettheliney=x ..ccoecvevrrerrennnne. &)

Given that the tangent at P meets the line y = x at the point 4, solve (4) and (5) simultaneously to find point 4.
Substitute (5) into (4).
(P +Dx—(p* -Dx=4p
2x=4p
x=2p
Substitute x =2p into (4). .. y=2p
Point A(2p,2p)



Letthe line y =X .cccoevevvrerennnne. (6)

Given that the tangent at P meets the line y = —x at the point B, solve (4) and (6) simultaneously to find point B.
Substitute (6) into (4).

(p* +Dx=(p* ~D(=x) =4p

2p2x:4p

x=—

p

Substitute x = 2 into (6). .. y= 2
p p

Point B [2 , —2]
p p

.
Area of AOAB A
==X =X

02p 2 0 ) ¥
_1 p A
= -

0 2p —E 0 Lo >

P 2p i ’
=%|(0—4+0)—(0+4+0)| i
B

= 4 units’ (independent of p)

", area of triangle OAB is independent of p. (Shown)

Alternative Method

Area = l|5;1 X 5§|
2

2
2p p
2 p
0
0
1 1 0

#

1 2
—2p|1 |x—|-1|=2| 0
2 /p/

0 0 -2

=4 units’ (independent of p)



(©) x:t+; .................................. @
1
y=t—; .................................. (2)
D+Q2):ix+y =2 v 3
(1)—(2):x—y:% ............... 4)

G)x®:(x+y)x-y)=4

.~ the cartesian equation is Xt - y2 =4

2 2

From the cartesian equation : x_2 - y_2 =1
27 2
x2 2
The equation of asymptotes are >z —32}—2 =0
y2 x2
27 2
y=xx

To find x-intercept, let y = 0.

x2
7!
x=12

2 2
The graph of curve C, )26—2—)2/—2 =1
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Solution

. 2
(a) Given x=2¢+—
t

1
and y:t2+t—2

Differentiate (1) with respect to ¢

_, 2
dt £
Differentiate (2) with respect to ¢
vy 2
dr t
Using the Chain Rule,
dy
d_
dr &
d
b b
dr  dx
2at-2 7
£ 202
£+l
= P 3)

Substitute x-coordinate of P = -5 into (1).
2
—5=2t+—
t
Using GC, ¢ =-2.

_ 2
Substitute ¢ =-2 into (3): d_y = M
e (-2)
5

2

. 1 . .
The gradient of tangent to the curve at P(—S, 77) witht =-2is —2.

. 17 . .2
.. the gradient of tangent to the curve at P(—S, ?j witht=-21is —.

Equation of normal at P(—S, %) witht=-2 is

17 2
——=Z(x-5
=3 5( )

T
4 5 4

The equation of the normal to the curve at the point P(—S, %)

. 2 25
IS P=—XFt— @ ceeeeeeeieeeeeeeenns 4
y=gx+ “



(b) When the normal meets y-axisat Y, x =0.

Substitute x =0 into (4): y = %

Y[o, é)
4

When the normal meets x-axis at X, y =0

. . 125
Substitute y =0 into (3) :x = —z
x(_ﬁ, oj

8
Area of triangle OXY
y
:l E E 4 Equation of normal
2\ 4 8
25
_3125 its? ° TJ
64

0

(¢) Given that the normal at P cuts the curve, substitute (1) and (2) into (4).

t +i:z(2t+EJ+£
5 t 4

t2
20¢* —16¢° —125¢° —16t+20=0
Using G.C,

t=2.96 or —%(rejected o |t]>1)or 0.338(rejected "+ || >1) or—2 (rejected, since it gives point P)

L 1=2.96
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Solution

. 1
(a) Given x=—-+
1-¢

=(1=) " @)
and y=- _t e — 2)
Differentiate (1) with respect to ¢
dx_ -(1-£)72(=3t")
de
37
(1-ry

Differentiate (2) with respect to ¢
dy _(1=1)-1(=31")
dt 1-£)

_1+27
(1-ry

Using the Chain Rule,

dy
Y_w
dx &
dt
_Y dr
dr dx

1+26 (A=)

_1+2r
3¢

At stationary point of C, % =0

1+2¢
+_2t:()
3t

=-0.794 (3s.)



(b) The graph of curve C

(1,0)
e

(0.667,-529)

(c) Whent=-1, substitute £ =—1 into (1), (2) and (3).

x:l,y:—l and d_y:_l.
2 2 dx 3

Gradient of normal = 3.

Equation of normal at ¢ =—1 is

y‘(‘%)*(x;%j

.. the equaion of the normal is y =3x—2. (Shown)

(d) Consider the line and the curve intersects.

Substitute (1) and (2) into (4).

t 1
=3 -2
1-7 (l—fj

t=3-2(1-£") < multiply (1-¢") both sides
28 —t+1=0
(t+1Q =2t+1)=0
t =—1 (Rejected, since it is the gradient of normal)
or 2t°-2t+1=0
Using discriminant = (—2)° —4(2)(1)

=—4 < 0= no real roots

there are no real roots.

There is only 1 value of ¢ satisfying the equation, i.e. there is only I point of intersection.

The normal does not intersect the curve again.
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Solution
(@) Given x=¢" " oo, (1)
and Y =0 —kt oo 2)
Differentiate (1) with respect to ¢
& 26e"
dr
Differentiate (2) with respect to ¢
Y3y
dt
Using the Chain Rule,
dy
v _a
dr &
dt
b, 4
dr  dx
=37 —kx 12
2t
32—k
26"
L dy 30—k
Cdx 2

(b)(i) At?=1, substitute into (1), (2) and (3)
From (1) x=¢"*
From (2) y=1-k

dy 3-k

From (3) R

< gradient of tangent

Equation of tangent at ¢ =1
3-k "
y—(l—k):zeﬂ(x—e”) ........................ 4)

. . . . 3
Given that this tangent intersects the y - axis at y = >

substitute the point (0,—%) into (4).

3 3—k . .
—E—(l—k)=—(0—e ‘)

2617/\'
BRI hdid
2 2
_§+k:_§+£
2 2 2

k=2 (Shown)



(ii) When ¢ =1and k = 2, substitute into (1), (2) and (3).
From(l) x=¢'
From(2) y=-1

2
From (3) d_y = 3(1)—22
dx  2()e"
_°
2
Gradient of tangent is %. .. gradient of normal is —g.
e
. ).
Equation of normal at [—1, —)1s
e
2 1
o)
e e
2 2
y=——x+| -1
e e
y
A
(iii) Refer to the diagram.
o -
The required angle = 2~ — tan ™" (zj \ >
2 e) D )

=0.936

required angle
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Solution
. 3
(a) Given x :? ..................... (1)
and Y =2f e, 2)

The line y = 2x cuts C at the points 4 and B.
Substitute (1) into (2) into y = 2x
y=2x

.

t2

I
H W

NE)

t

When ¢ = /3, substitute # = +/3 into (1) and (2).
L x =3, y= 23
The point A(\/g, 2x/§)

When ¢ = —/3, substitute = —/3 into (1) and (2).

x==3,y=-23
The point B(—f = 23 )

Length of AB

= JWB+BY+(2VB+23) < distance formula = \[(x, —x,)" + (3, - 7,
= 2«/E units

The exact length of 4B is 2415 units

(b) Differentiate (1) with respect to ¢

3
d ¢

Differentiate (2) with respect to ¢
&,

dt



Using the Chain Rule,

At the pointP{i, Zp], t=1.
p

Substitute ¢ =1 into (3).

dy 2
— ===
" ;D
_2
3

Tangent at point P[i, 2 p) is
p

2 3
y—2p=——p{%——j
3 p

2
y:—%p2x+2p ><3—i—2
3 3p
V=== P XHAD . 4)

When the tangent meets the x -axisat D, i.e. y =0.
Substitute y = 0 into (4).
At point D,

2
0=—§p2x+4p

2 5
—p'x=4
317 p

6
X=—
p
. 6
The point D| —, 0 |.
P

When the tangent meets the y -axis at £, i.e. x =0.
Substitute x = 0 into (4).
At point E,
2,
y=—§p(®+4p

y=4p
The point E(O, 4p).



é+0

Midpoint of DE = %,@

p
. . (3
.. the coordinatesof F'is | —,2p |.
V4

From the coordinates of F,

let X= (5)
p
y=2p
B (6)

Substitute (6) into (5): xy =6

The cartesian equation of the curve is xy = 6.
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Solution
(@) Given x=cos f covvvvveeenn. e))
and  y=Sin’f oo )

(b)

Differentiate (1) with respect to ¢

dx .
— =-3cos’ tsint

dr
Differentiate (2) with respect to ¢
Y_ 3sin’ ¢ cost
dr
Using the Chain Rule,
dy
Y_a
dr &
dr
_dy, 4
dr dx
=3sin’ rcost x—————
—3cos” tsint
_ 3sin’tcost
~3cos’ tsint
=—tant
d
. A tant¢
dx

Ast — 0, the tangent tends towards being parallel to the x - axis. (or tangent becomes horizontal line)

V3 . . L
Ast — > the tangent tends towards being parallel to the y - axis. (or tangent becomes vertical line)

To obtain the end-point of the curve,
Substitute ¢ = —% into (1) and (2). x=0, y=—1.
Substitute ¢ = 7 into (1) and (2). x=-1, y=0.

To find x-intercept, substitute y = 0 into (2). .. t=0, 7.
Substitute# =0 into (1) and (2). x=1, y=0.
Substitute = 7 into (1) and (2). x=-1, y=0.

To find y-intercept, substitute x =0 into (1). .. ¢ = %,—%.
Substitute ¢ :% into (1) and (2). x=0, y=1.

Substitute ¢ = —% into (1) and (2). x=0, y=—1.



V4
The curve for—EStSﬁ

0.1

(-1.0) (1.0)

0.-1

(¢) Equation of tangent at the point P is
y—sin® p=—tan p(x =08’ P) wooovvrverereirrnnn. 3)

The tangent at P meets the y -axis at R, i.e. when x = 0.
Substitute x =0 into (3)

y =sin’ p+tan pcos’ p

y =sin’ p+sin pcos’ p

y =sin p(sin®* p+cos® p)

=sin p
Coordinates of R is (0, sin p).
The tangent at P meets the x - axis at O, i.e. when y = 0.
Substitute y =0 into (3)
0-sin’ p = —tan p(x—cos’ p)
n’p

si 3
x= +cos’ p
tan p

x =cos psin® p+cos’ p
x = cos p(sin® p +cos’ p)
=cosp

Coordinates of Q is (cos p, 0).

Area of triangle OQR y
A

1 . I . )
=—(cos p)(sin p) =—sin2p P(0, sinp)

2 4
Sk=—.

O(cosp, 0)
4 0
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Solution
(a) Given x=2€" ...ccceovvrevrerennnn. )]
and Y =1 —f e, )

Differentiate (1) with respect to ¢
dx

— =2¢'
dt
Differentiate (2) with respect to ¢
Y3
dt
Using the Chain Rule,
dy
d_a
dr &
dt
b a
dr dx
= 3t2 —1x 7
3 -1
2¢'
2 _ '
. Y = 3 1. .. gradient of normal = _22_e
dx  2¢ 3t -1

For normals to be parallel to y -axis,i.e.3t> —1=0

1 1
t=——= or—
NERRVE]
1 1
Substitute x = ——— into (1). ..x=2e ¥
NG}
] L
Substitute x =—— into (1). .. x=2e Vi
NG

1 1
. Equations of normals parallel to the y - axis are x = 2e ¥3 and x = 2¢"3 .

(b) To obtain the end-point of the curve,
Substitute # = —1 into (1) and (2). x=2¢"", y =0.

3
Substitute ¢ :% into (1) and (2). x =2e2, y= %5
To find x-intercept, substitute y = 0 into (2). .. t=-1, 1.

Substitute £ = —1 into (1). x=2¢"', y=0.
Substituter =1 into (1). x =2¢*, y =0.



W

The curve for C, where —1<¢<

2
y 2
' 15
A 2e? 3
C
f’_\ | - Y
ol 2 2 2e o
€
(c) Atthepoint (2¢°, a’ —a), when t = a.
2
Substitute ¢ = a into d_y = 3 1.
dx  2¢
Cdy 3a* -1
Codx 2e!
Equation of the tangent atz = a is
3a’ -1 B
y—(a’—a)= et (X=2€") oo 3)

Given that the tangent cuts the y - axis at y =1, i.e. at the coordinates (0, 1)

Substitute x = 0 and y =1 into (3)
3a° -1

1-(a’—a)= (0—2¢)
2e*
a(a® =3a-1)=0
~a=0 or azi—ﬁ or a=§+£ (rejectedas—létﬁi)
2 2 2 2 2



Exercise 8

D Stationary Points
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Solution

(a) Given f(x)=e" cosx, 0<x s% ....................... (1)
f'(x)=e"cosx—e sinx

At the stationary point, f'(x) = 0.

ie. e'(cosx—sinx)=0

cosx—sinx=0 (sincee” > 0 forall x)

sinx = cos x
sin x

=1
cos X
tanx =1

=
I
NG

( since OSXSZ)
2
. T .
Substitute x = y into (1)

f(zj =et cosz
4 4

2
2

.". the stationary point of f(x)is (%, ge“ ]

Method 1 (Second Derivative Test)
f'"(x)=¢"cosx—e*sinx—e sinx—e* cosx

=-2¢e"sinx

When x = z
4

f "(zj =-2e* sin£
4 4

ez>0for0£x££
2
:—\/Ee1<0

. N2 2 . .
.. the stationary point Oy et | is a maximum point.



Method 2 (First Derivative Test)

x 0.77 i;r (= 0.785) 0.79
f(x) [ 0.0470>0 0 —-0.0143 < -
Slope / — \

. T N2 S . .
As seen from the table above, stationary point [Z, 764 ] is a maximum point.

Learning point:

To find nature of stationary point using either second derivative test or first derivative test.

(b) Given x =4 oo 1)
and Y=o s 2)
t"+a

Differentiating (1) with respect to ¢

s
Differentiating (2) with respect to ¢
dy -2°+2a
& (P +a)
Using the Chain Rule,
&
de 4
dt
dy dt
T4 dx
2t +2a 1
T (Pra) 8
a-t
- at(t* +a)’
dy a—t’

T dr 4 +a)

At the stationary point, Y =0.
dx
a-t*
a4t(t* +a)’
a—t"=0

t=-Ja ort=—Ja



Ja

x=4aandy=—

a

Substitute 7 = v/a into (1) and (2)

Substitute ¢ = —/a into (1) and (2)

Ja

.~. the stationary points are(

x=4aandy=——
a

4a, ﬁ] and [4a,

Use First Derivative Test to determine the nature of the stationary points.

B

a

At stationary point | 4a, ﬁ] , wheret = Ja
a
e [ [
x x = (4a)” x =(4a) x=(4a)”
sign d_y ositive Zero negative
g dr p g

. . a|. .
As seen from the table above, stationary point [4a, —j 1S a maximum.
a

-]

~()

-]

x = (4a)”

x=(4a)

x = (4a)”

. dy
s1€n —
4

negative

ZEro

positive

. . a . ..
As seen from the table above, stationary point [4a, - —] 1S a minimum.
a

Learning point:

is shown below.

. . 2t
The graph of the parametric equations x = 4>, y = pE

ooy -
y=0 ¥'/
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Solution

2

x -4y _l
x> +xpt +100 2

2
Given

2x* —8y" =x" +xy” +100

Differentiate implicitly with respect to x :

x’ =8y =xp> +100

dy dy
2x—-16y—=2xy—+
ydx ydx y
dy _ 2x—y°
dx 2xy+16y
_ 4,2
LYy 2x-y (shown)
dx 2xy+16y
Letd—y=0.
dx
2x -y’ B
2xy +16y
2X = 1 e, 2)

Substitute (2) into (1)

x> —8x _l

¥ +2x°+100 2
2x* —16x =3x"+100

x> +16x+100=0

(x+8)*+36=0

For all real values of x, (x+8)* >0
Since (x+8)>+36>0, .. there is no value of x.

Hence, there is no stationary point.

Alternative Method (Using discriminant)
Since 16> — 4(1)(100) = —144 < 0, there is no real roots.

. . . d
.. there is no stationary point when ay =0forxeR.
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Solution

(@) Given x—y=(X+1)" oo, )
Differentiate (1) implicitly with respect x :

dy dyj
1-——=2(x+y)| 1+—
dx (x y)( dx

dy dy
I-—=2(x+y)+2(x+y)—
| (x+y)+2(x y)]

dy dy
1-2(x+y)=2(x+y)—+—
(x+y)=2(x y)l ]

dy
1-2x—2y=-2(1+2x+2
y dx( »)
dy _1-2x-2y
dx 1+2x+2y

1+ Yy 122xm2y
dx 1+2x+2y
14+ 2x+2y+1-2x-2y

< add 1 on both sides

1+2x+2y
+d—y:; (Shown) ...coceveviiininiene 2)
dx 1+2x+2y
(b) From (a)
o2
dx 2x+2y+1

Differentiate (2) implicitly with respect x:

_ dy
(2x +2y +1)(0) (2)(2+2de

d’y .
—== > < use quotient rule
dx (2x+2y+1)
4(1 + dyj
o\ A
2x+2y+1)

:—;.(14_(1_)}]
2x+2y+1) dx
2
2 .[Hd_yj
2x+2y+1 dx
2
fetg
dx dx

d’y

&y (1 &)
e (H_dxj (Shown) ...ccooovvvveiiiienne. 3)



(¢) At the turning point, % =0.

Substitute Y =0 into (3)
dx
2

4 _avoy

7=

=-1<0

.. By 2nd denvative test, the turning point is a maximum.
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Solution

(a) Given y=3x"+6x"—24x+k ccccenne... (1)

Y_ 12x° +12x—24
dx
. . dy

At stationary point, o =0.

ie. 12(x* +x-2)=0
12(x-D(x* +x+2)=0

x=1 or (X*+x+2)=0
1) 5
x+—| +—> 0 for real values of x
2 4
(x* +x +2) has no solution.
Hence C has only one stationary point.

2
Y _36x2 412

T =

2

wmmx=2,%%>a

Thus the point when x =1 is a minimum point.

(b) Given that the stationary point of curve C touches the x-axis, i.e. y = 0.
.". the stationary point is (1, 0).
Substitute x =1 and y =0 into (1)
0=3(1)" +6(1)" —24(1)+k
0=3+6-24+k
k=15
k=15
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Solution
Given y=ax’ —2bX+C ccoevvrerrrenne. 1 (a>0)
Y =2aX—2b oo, 2)
dx
. . dy
(a) For turning point, — =0.
dx
ie. 2ax—-2b=0
So, x= L 3)
a
Substitute (2) into (1)
2
y= a(éj —2b(2J+c
a a
b2
Y E == et 4)
a
b2
.. the stationary point is (—, c ——j
a
2
Since &y 2a >0,

7 =

[b sz. . o
. | —,c——| 18 a minimum turning point.
a a

2

(b) Given that (é, c —b—j lies on the line y = x,
a a

2

Substitute the point [2, c —b—] into the line y = x.

a a
b »
—=c—.
a a
=X Y )

1
(¢) From(5) c¢=—(b>+b) < complete the square
a

G

2
For all real values of b, (b + %) is positive.

L1y

a 4

L2 —4L whatever the value of b. (Shown)
a



(d) Substitute the point (0, 6) into (1).
6 =a(0)> —2b(0)+c¢
c=6

Given that (2, 2) is a turning point, i.e % =0 when x =2.

Substitute x = 2 and % =0 into (2)

From (2)
0=2a(2)-2b

Substitute (2, 2), ¢ = 6 and (6) into (4):
2
From(4) 2=6 _Qay
a
2=6-4a
a=1
Substitute a =1 into (6).
Lob=2

Soa=1,b=2andc=6.



Exercise 8

Graphical Interpretation of a Function
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Solution

(a) The graph of y =x’

From the graph, the stationary point is (0, 0).

(i) The curve is strictly increasing when x € R, x # 0.
(ii) No applicable

(iii) The curve is concave upward when x > 0.

(iv) The curve is concave downward when x < 0.

(b) The graph of y =(x+2)(x—-1)(x—2)

¥
4
(-0.869,6.06)

y=(x+2)(x-1)(x-2)

(1.54,-0.879)

From the graph, the stationary points are (1.54,—0.879) and (—0.879, 6.06).

(i) The curve is strictly increasing when the range of x is x < —0.869 or x >1.54.

(i) The curve is strictly decreasing when the range of x is —0.869 < x <1.54.

. 1
(iii) The curve is concave upward when x > 3

. . 1
(iv) The curve is concave downward when x < 3



(¢) The graph of f(x) = 6x+%x2 —%x3

y=1£(x)

From the graph, the stationary points are [—2,—%) and (3,%).

Given f(x)= 6)6-1—1)62 —lx3
2 3

f'@x)=6+x—x"

f"(x)=1-2x

(i) For fis strictly decreasing, f'(x) > 0.
ie. 6+x-x>>0
¥ —x-6<0
(x+2)(x-3)<0

—-2<x<3

(i) For fis strictly decreasing, f'(x) <O0.
ie. 6+x-x"<0
¥ =x-6>0
(x+2)(x-3)>0

.ox<-2 or x>3

(iii) For fis concave upward, f"(x) > 0.

ie. 1-2x>0

2x-1<0

xX<—
1
TX<—
2

(iv) For fis concave downward, f"(x) < 0.

ie. 1-2x<0
2x—=1>0
X >—

1

X >—
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Solution

@ f'(x)=x>-2x+3
=(x-1)"+2
For all real values of x, f'(x) > 0.
.. there is no stationary point.

For f(x) is increasing, the range of values of x is x € R.

For f(x) is decreasing, there is no solution of x.

(b) f'(x)=(x+D(x-2)(x-3)
For stationary point of f(x), i.e. f'(x)=0
(x+D(x-2)(x-3)=0
x=-1,2,3

The x-coordinates of the stationary points are 1, 2 and 3.

For f(x) is increasing, f'(x) > 0
e, (x+D)(x-2)(x-3)=>0
x>3 or —-1<x<Z2

~x23 or —1<x<2

For the function f(x) is decreasing, f'(x) <0.
ie. (x+D(x-2)(x-3)<0
x<-1 or 2<x<3

x<-1lor 2<x<3
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Solution
(a) Given y+Iny=e" ...cccocervinenn. (1)
Differentiate (1) with respect to x
b
%+% = e @)

Differentiate (2) with respect to x

&y (@Y
d’y dx’ dx N
t——L—=c

de yZ
d’y & dyY’ .
’ dfof dxfy—(ayj =)'e
dZ . d 2
Ef(yz +y)=)’e +(Eyj ...................... (3) (Shown)

(b) From (3): dy (O +y) =y +(d_yj

dx? dx
dy ?
2x+ ~
ay 7 [
dx? YV +y

From(1):y+Iny=e¢"
Since In y is defined, so y > 0. Hence y* > 0.

2
[%) > 0 since the order of derivative is even.

ForallxeR, e* >0

2
@ yzex+(gj
y__ A& oy

A Y +y

The curve is concave upwards for x € R.
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Solution

xX+a
2

(a) Given that f(x) =

-
Differentiate (1) with respect to x

(x2 -)—-(x+a)2x)

f'(x) = 1y < use quotient rule
X —
_-1-2ax-x*
(x2 _ 1)2
-1-2ax—-x"
f'(x) = o
(x" =D

(b) For f isstrictly decreasing, f'(x) < 0.

. —1-2ax—x"
1.€. — g <0
(x" -1

ForxeR, x #+1, (x> =1)> > 0.
-1-2ax—-x*<0
X +2ax+1>0

(x+a)’ +1—a’> >0 < completing the square

For all real values of x, (x+a)” is always positive.
Thus 1-a*>0
a’-1<0
(a-D(a+1)<0

s.—1<a<1 (Shown)

Alternative Method (Using discriminant)
(2a)* -4(1)(1) <0
4a* -4<0
a’-1<0

(a-1)a+1)<0

L=l<axl
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Solution

3 +12x+ 4 o
= < use long division
2(x+2)

A-12
2(x+2)
Differentiate y with respect to x

dy 3 A-12

dr 2 2(x+2)

3
=—(x+2)+
S +2)

C3(x+2) - (A-12)
B 2(x+2)

For the graph of C is strictly increasing, % > 0.

3(x+2)* = (A-12) 50
2(x+2)°

(x+2)* is always positive for all real values of x, x # 2

Thus -(A-12)>0
A<12

The range of values of 1 is 4 <12.
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Solution

/ /

4,-2)

(a) The x-coordinates of the stationary points are x = -5, 0, 6.

(b) Fory =f(x) is decreasing, f '(x) < 0.
Refer to the diagram. It occurs when the graph y = f'(x) lies below the x-axis.
~x<-50r 0<x<6

(¢) For the graph y = f(x) is concave upwards, f '(xx) is increasing, i.e. f"(x) > 0.
Refer to the diagram. It occurs when the gradient of the graph y = f'(x) is positive.
Tx<-2orx>4
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Solution

The graph of y =£'(x)

y
A
y=1'(x)
y=0_ 3,0/ |00 .
0 v
x=0 x=2

Learning point:
All (3) asymptotes must be labelled, and intersections with axes written in coordinate form as instructed by the question.

31
Solution

The graph of y =f'(x)

A
E y=f(x)
// L\ C 4,0
y=0 ol ¢ >
x=1



32

Solution
The graph of y =f'(x)
).‘
. A
y=£'x)
"jz"="1'""""""""i"'XY{HTE) """""" y=0_
i|0 -
x=-2
33
Solution
The graph of y =£'(x)
¥
. A
x=-1]
e
X
SRS N NS dio
L
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Solution
).'
A
y==f(x)
k0) i \(4k0) .
(0] \/—
fx=2k
35
Solution
(a) The graph of y =f(x)
y
A
y=f@ | 2| Ji 62
[0 /3 >

I
]

x=l—3 xl



1
b) The graph of y=——
(b) graph of y ')

36
Solution

(a) The coordinates (3,-3) is a maximum point.

The coordinates (0,—1) is a minimum point.
Learning point:
Refer to the graph y =f'(x).

The curve passes through the point (0,—1) from below x-axis to above x-axis. Therefore the point (0,—1) is a minimum point.

The curve passes through the point (3,-3) from above x-axis to belw x-axis. Therefore the point (3,—3) is a maximum point.

(b)(@)  The range of values of x where f is decreasingis x <0or x > 3.

(b)(ii) The range of values of x where f is is concave upwardsis —1< x < 2.

(¢) The graph of f(x)

’
A |
y=f@) E
y=0 1,0/ |
- + |
— 0 7 6.3
0,-1) :







Exercise 8

F Mixed Practice

37
Solution
4x+9
a =
(@) x+2
_Ax+2)+1
x+2
=4+ !
x+2
d_y__ 1
dx (x+2)°
d_y_ ! = >0, for all real values of x, x # 2.
dx (x+2)

Thus, gradient of C is negative for all points on C.

1

b) y=4+
®) x+2

Equations of the asymptotes of C are x = -2 and y = 4.

(C) y= 4+ 1 Replace x by (x-2) y= 4

1 1
+ =4
x+2 (x-2)+2 X

Translate the graph C 2 units in the positive x direction

y=4+l Replace y by (y+4) y+4=4+l=l
X

X X

Translate the resultant graph 4 units in the negative y direction



38
Solution

(@G y=2x"-3x"
Y =-2x7 +6x"
dx

2 6

= ——F4—
2 2
X X

_ —2x+6

3
X

For C is decreasing, % <0.

—-2x+6

<0

x<0 or x>3

.. theset of valuesof x is {x e R, x <0 or x >3}

L dy =) -3
—=-2x"+6
(a)(i) X X

2

i; — 4y —18x7

4 18

X oxt
 4x-18

4
X

2
For C concave upwards, d—); > 0.
dx

4x—-18
x4

For all real values of x, x =1, x* >0
4x-18>0

>0

4x>18

xX>—
2



. 2 3
(b) The graph of C of equation y = ———
X x
5
A
p=2-3
1 X 5
>3
o[ /5.0 -

(¢) Addthegraph y = |3 - x|

2x-3

2
X

Use GC to find the points of intersection between and |3 - x|.

. x=3.33and 2.67.
2x-3

For
x2

< |3 - x|, the required inequalities are x > 3.33 or x < 2.67,x # 0

Learning point:

2x-3 . . . .
al —< |3 - x| graphically. Refer to the diagram and look out the range of values of x such that line y = |3 - x| is above the
X

2x-3
graph y = ———.
X

To solve
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Solution

(@) Ast—> -1, x>, y—>e

=¢

Ast— o, y >0, x>0

x=0
(b) Given x = !
NE+1
=(F+1) % e (1)
and  y=e€" . )

Differentiate (1) with respect to ¢
dx 1

@ f

Differentiate (2) with respect to ¢

Y_ 2te”
dr
Using the Chain Rule,
dy
b
dr &
dt
_dy 4
dr dx

- (2tetz)><(—2 (t+1)3)

3 %:—Me’ﬂ/mlf (Shown)



(¢) Use GC, the gradient of tangent at ¢ :% is —80.50628

.. Gradient of normal at ¢ = %

1

dy
dx |5

1
(~80.50628)

=0.012421

Substitute ¢ :% into (1) and (2).

From (1): x:(§+1) ’ :z
4 3

i
From (2): y =¢e'¥ =g

25
thepointattzéis g,e16 .
4 (3

25
Equation of the normal at ¢ = % (or at the point {E, el J)

z 2
y—elt =0.0l2421(x—§j ..................... 3)

[NORMAL FLOAT DEC REAL RADIAN MP
CALC DERIVATIVE AT POINT

|5

dy/dx=-80.50628

0

The normal at ¢ = %meets the y - axis at the point P, i.e. y =0.

Substitute y = 0 into (3)
z 2
y—elo = 0.012421(0—5)

y=4.76245
The coordinates P are (0, 4.76245).

Given that the point Q on the curve C has a parameter ¢,
ie.t=gq.
Substitute ¢ = ¢ into (1) and (2).

From (1): x=(g +1)7%

From (2): y = e = ¢

.. the coordinates Q are [

1 o
Jq-i—l’ '




Method 1 (Using Graphical)
Length PQ

2
J + (eqZ —4.76245)> < using distance formulae = \/(x1 -+, -y,

1
= O—
Jg+1
NORMAL FLOAT DEC REAL RADIAN MP n
CALC HINIMUM

YHsT (1K e1)+(0"(K2)-4.76245)2)

49998 Y=0.6667161

From the graph, minimum PQ occurs when g =1.25.
.. the minimum PQ = 0.667 units.

Method 2

For PQ to be a minimum, gradient of the line PQ = 0.
¢ 47625 ~

" ¢ —47625 =0 < using gradient formulae = N7
0— 1 XX

Jg+1

Using GC, ¢ =1.25
Thus Minimum PQ

2 25 2
1 25
= || ——— +| e'® —4.76245
\/(\/1.24934-1} [ j

=0.667

. value of ¢ is 1.25. The minimum length PQ is 0.667.
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Solution
(a) Given x =SINf—COSt .ovvvevererennennens @)
and y=In (i] ........................... ?)
T
Differentiate (1) with respect to ¢
— =cost+sint
dr
Differentiate (2) with respect to ¢
d_1
dr ¢
Using the Chain Rule,
dy
d_w
dr &
dr
b, d
dr dx
1 1
=X
t (cost+sint)
3 1
—t(cos Frsing)

The curve crosses the y-axis at the point P, i.e. x =0.

Substitute x = 0 into (1).

From (1) sin¢—cost =0

sint = cost

tant =1

T
t==—
4

Substitute 7 = %into 3).

1

bd
= os—+sm—
4( j

&
dx

Gradient of tangent at P =

22
T



(b) Ast— O,y:ln(ije—oo
T

x=sint—cost —>sin0—cos0=-1
Sx—o>-Ly—o>-—w

The vertical asymptote is x = —1.

(¢) The graph of curve C

| ———(1,1n0.5)

(d) Refer to the graph in (c).

For the graph to be strictly increasing, the range of x is —1< x <1
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Solution

(a)(i) Given x =¢”

........................... 1)
and Y =1> e, )
Differentiate (1) with respect to ¢
&g
dr
Differentiate (2) with respect to ¢
Yy
dr
Using the Chain Rule,
dy
b w
dr &
d
_dy 4
dr  dx
1
=2 x—r
363)?
2t
= Jav 3)
dy 2
dx 3¢
When Y =0,
dx
2t
=0
3631
t=0
t=0

(a)(ii) The curve C

- X
Ol (1,0



D)A) x> —=2xy+2Y* =k oo @
Differentiate (1) with respect to x.

dy dy
2x=2| x—+y |+4y—=0
(dx y] g

dx
d_y-x
dx 2y-x

(b)(ii) For tangents which are parallel to the line y = x, % =1.
Yox
2y—x
y—x=2y—x
y=0

Substitute y = 0 into (1)
x* =2x(0)+2(0)* =k
x’ =k
Given that there are 2 tangents parallel to the line y = x, ... the equation x* = k is defined.

k>0

(b)(iii) For tangents which are parallel to the y - axis, % is undefined.
2y—-x=0
x=2y
Substitute x =2y and £ =4 into (1)
29)' -22y)y+2y° =4
y= i\/z
Substitute y = +4/2 into x =2 y

L x=1242
The coordinates are (—2«/5 , -2 )and (2«5 ,JE ).
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Solution

(@)

(b)

(c)

()

Given x> =xy+ 1> =16 oo, @
Differentiate (1) with respect to x

dy 2 dy
2x—| x—+y [+3y"—==0
[dx y) e

dy

dy
2x—x——y+3y"==0
i YTy

dx

(35" - x)%— Y+2x=0 (ShoWn) eeoevvvereree. ()

Differentiate (2) with respect to x

d’y dy( dy j dy
37 —x) X D6, Y| hp
(3 x)dxz ax Y dr dx

d’y dy)2 dy dy
3y° - +(6y) —| ———-——+2=0
(35" -x) o ( y)(l v

N dvY | dy
Gy -0 3+ | 25220 (ShOWN) o 3)

Given that C intersects the positive x-axis at the point V.
Substitute y = 0 into (1)
x* = x(0)+(0)’ =16
x* =16
x=4 or x =-4 (rejected since x > 0)

The coordinates N are N(4, 0)
Area of AOMN

A= %(ON )(perpendicular distance from M to x-axis)

1
=7

=2y (Shown) ....ccccceeverrvrvennene 4)

Differentiate (3) with respect to x

u_,d
dx dr

. d4
For stationary value of 4, pm =0




From (1): (3y2 —x)%—y+2x=0

(3y2 —x)%:y—bc

dy y-2x

dx_3y2—x

. dy
At stationary, — =0
Y 4

From (6) 2y=2%) =0

3y’ —x
2(y—2x)=0
V=2X oo, @)

Substitute (7) into (1)
X' —x(2x)+(2x)’ =16
8x’ —x*—16=0
From GC, x =1.302996

.. the value of x for which A4 has a stationary value is 1.30

To find the nature of the stationary point, refer to (3)

d’y dyjz dy
243y —x)—2+6y| = | —2=2=0
By )dx2 y[dx =
. dy
At stationary, — = 0.
Y 4
2 d’y 2
2+@3y —x)dx2 +6y(0)" =2(0)=0
dZ
Gy~ 5 =2
d’ 2
L ®)
dx 3y —x

Substitute (7) into (8)

d’y 2
e 3(2x)* —x
3 2
T 12x% —x
When x =1.30
B 2
T126 —x
=-0.105<0

.. Ais a maximum
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Solution

(a) (i 1. Reflect graph about the x - axis
2. Scale graph parallel to the y - axis by factor of (6 + )

3. Translate graph along / in the negative y - direction by 2 units

_2x+a
7 3—x
_2x+a

= < use long division
x=3

6+a
x-3
=-2-(6+a)(x-3)"

=-2—

% =(6+a)(x—3)"

j;{ = 2(6+a)x—3)"
2(6+a)
CEE)

2

For the graph is concave upwards, dx_); > 0.

_26+a)
(x=3)’

Givena< -6, .. 6+a<0

0

Hence, (x—3)'>0
x>3

a. .
is concave upwards is x > 3.
—X

The range of values of x where the graph of y =

(b)(i) The graph of y =f(x)




(b)Gii) The graph of y:%
X

x=0 x=4
(b)(iii) The graph of y =f'(x)
}.‘
AT ot
y=0
-~ (4,0)
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Solution

(a) Scale parallel to x - axis by a factor of %

Translate 1 unit in the negative y-direction.

(OR in reverse sequence)

(b) The graph of y =f(x)

The graph of y =f(2x)-1

x=1

y=1f(2x)-1

(1,3)

~y=1

1 g/{l.zs. 1)

(¢) (Any of the following 2 reasons)

For the graph of y =f'(x),

1. there should be a horizontal asymptote y = 0 instead of y = 2.

2. it should end at (2, 4) for the segment for which x < 2 since % =2(2)=4.
x=2

3. the segment for which x < 2 should be a straight line (with equation y = 2x).



Exercise 8

G Higher Order Questions

45
Solution
. lgx
Given y=—"— < use change base law
x

_l(lnxj
~ x\n10
1 (lnxj
T 1o\ x

Differentiate both sides with respect to x

X ! —Inx
d_y_ 1 x

dx Inl0 X

1 [l—lnx}
Inl0L x?

For stationary points, dy =0.
dx
ie. 1 {_l—lznx} =0
In10[ x
I-Inx=0
x=e

Given that the stationary point of the curve is a maximum

.. the maximum point at x = ¢

Since x = e gives the only maximum point,
y x=e > y xX=1
1 1
Ige gz
e Vs
rlge>elgrnm

lge™ >1gn°

e >x° (Deduced)
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Solution
Given x* +3)° +2xy =3 =Kk weoovrererernnn. )
Differentiate (1) with respect to x
dy , dy
2x4+6y—4+2x—+2y =0 cocveriree. 2
YT Y (2

For tangent parallel to x - axis, % =0.

From (2): 2x+0+0+2y =0 <substitute % =0 into (2)

o i AU 3)
Putting (3) into (1)
X2 +3(=x)* +2x(—x) =3k
2x* =3—k
There is no real solution for x when —— < 0.
Hence, ﬂ <0
2
3-k<0
3<k

.. C does not have any stationary points if & > 3.
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(a) Given kxe’ +ke* =y’ +k’

Differentiating with respect to x

ke + kxe” d—y+ke" = 2yd—y

dx dx
d—y(Zy—kxey) =ke" + ke’
dx

d_y _ ke" +ke”
dx  2y-—kxe”

(a) When the tangent to the curve to be parallel to the x - axis, gradient is 0.

ie. d_y =0
dx
ke +ke’ =0

For all real values of x, y,e* >0,e” >0

Hence, ke* +ke” >0

.'.d—y;tOforallx,yeR
dx

There is no point where the tangent is parallel to the x - axis.
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Solution
(a) Given x =In(cos20) ......ccocuvneen. (1)
and  y=In(sin26) .......cceen...... )
Differentiate (1) with respect to €
dx _ —2sin26
dé  cos20
=—2tan26
Differentiate (2) with respect to &
dy _ 2cos20
dé sin26
2
tan 26
Using the Chain Rule,
dy
b _ae
dr 4
o
_Y 46
dg dx

2 N 1
tan26 \ —2tan26

Given0<9<%

T
0<20< 7 < multiply 2 all sides

cotan260 >0
" d_y:_ ! <0
dx  tan’260

Hence gradient of C is always negative for all points on C.

(b) When 6 — 0, tan’ 20 — 0.
S S
dx  tan’20

Hence tangent is parallel to y - axis (or x = 0).

When 6 — %, tan’ 26 — oo.

_.d_y:_ i —0.
dx tan” 20

Hence tangent is parallel to x - axis (or y = 0).



(¢) Givend = % substitute & =§ into (1), (2) and (3).

From(1): x= 1n(%]

:—ln\/z

Equation of tangent at 8 = %

y—[—%anjz—{x—[—%anﬂ <usingy —y, =m(x—x,)

y+lln2 :—x—lln2
2 2

Hence y+x+In2=0 (Shown) ....c.coccevernenen. 3)

(¢) Substitute (1) and (2) into (3)
In(sin 26) + In(cos 20)+1In2 =0
In(2sin26cos260) =0
In(sin40) =0

sin40 =¢°
L 49="
2

49:1 whereO<6?<z

8 4

Since there is only 1 value of €, the tangent meets C only once at 6 = %

.. the tangent will not meet C again.
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Solution
(a) Given x=1 L (1)
1-4¢
and  y=sin""2f oo )

Differentiate (1) with respect to ¢

(1—4#);—¢(;](1—4ﬁ)i(—80

de (1-41%)

_a—4ﬁj%[a—4ﬁ)+4ﬁ]
B (1-4¢%)

3
=(1-4%) 2

Differentiate (2) with respect to ¢
dy 2

dr - 1-4¢

Using the Chain Rule,
dy
b_a
dr &
dt
dy dt

= ——X—

dt dx
2 1

= X
2 3

3

-2 x(1—-41%)2
N1-4¢
=2(1-47*)  (ShOWN) vrvvverrreererr. 3)
Given—l<t<l,
2 2
£ <l
4
4 <1
ie. 1-4£ >0

. . 1
Y =2(1—-4¢) is always positive, for ) <t< 3

Thus gradient is positive for all points on the curve.



1
(b) Asx o1 >t y—)i%

The curve approaches y = i%.

The curve C

=

. . 1
(¢) Given that at point A, the parameter t = ——.
22

into (1), (2) and (3).

Substitute ¢ =

1
242

From (1): L

X =

()

a
4

From (3): d—y:2[l 4(%) J
=1

Equation of tangent/:

=5 {-))-3)



(¢) Substitute (1) and (2) into (3)
t 1 x

Ji—ar 2 4
From GC, t =0.35355 or t =-0.47564

Now, t = 0.35355 corresponds to point 4, therefore the tangent will cut curve C again. (Shown)

sin”' 2¢ =

Substitute t = —0.47564 into (1) and (2)

From (1) x = 047564 =—1.54278,

J1-4(—0.47564)>

From (2) y =sin™' 2(-0.47564) = —1.25737

Coordinates of B are (—1.54,-1.26).
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(a) Givenxzk, y=t"+t,teR, k>0
t
Asx —> to,t >0,y —> 0.

..y = 01is a horizontal asymptote.

Asx —0,t > o0, y = .
.. x = 01is a vertical asymptote.

Learning point:
An asymptote is a line which the graph tends towards at the extreme ends. Thus to explain whether a line is an asymptote, we will

need to check the extreme ends (i.e. x »> o0 & y — ©.)

(b) Given x =§ .......................... 1)
and  y=£2Ht e, )
Differentiate (1) with respect to ¢

K
a7
Differentiate (2) with respect to ¢
Y =2t+1
dt
Using the Chain Rule,
dy
b _a
dr &
dt
_2t+1
ok
s
1y Qt+1)
k

. . . . d
Given that there is one minimum point, Ey =0

. 1,
i.e. —t°(2t+1)=0
: (2t+1)
2t+1=0 wheret =0

t=——
2

Coordinates of minimum point at # = —% : [—2/{,—%}



From (1),let t(t+1)=0

(¢) When the graph C cuts x-axis, y =0.

t=—1 (ot+0)

Substitute ¢ =—1 into (2)
L x=—k

The coordinates are (—k, 0)

Asymptotes from part (a)

X

\/k()

ey

Min point from part (b)

(d) The graphof y = L

f(x)
x=-k A .
)
: X
(~2k-4)

(e) The graph of y =f'(x)

¥

A

y=1'(x)




51

Solution
(a) Given x =3sin@cos’ @ ................. (1)
and  Y=c0S’ @ oo )

Differentiate (1) with respect to &
% =3sin @(—2 cos @sin ) + 3cos” O cos &

=3cos’ O —6sin’ Hcos

Differentiate (2) with respect to &
L =3cos” O(—sin 6)
do

=—3sinfcos* 8

Using the Chain Rule,
dy
dv g9 —3sinfcos’ 6
dr  dxr  3cos’ §—6sin’ Gcosd
deo
sinfcos @

=————————— (Shown
2sin® @ —cos’ 0 ( )

(b) Given that tangent to the cuvre is parallel to the line y = 2x + 3,

i.€e. d_y: 2

sinfcosd
2sin* @ —cos’ 0
sin@cos @ = 2(2sin” @ —cos” )
4sin® @ —2cos* @ —sinfcosf =0
Using GC, 8 =0.70, 2.61

(c¢) Equation of normal at (3sinacos’ a, cos’ a) is

2sin’ a —cos’ a .
y—cos’a=—"——" " (x—3SiNaC0S’ @) coerrrrrrrrrrnnr. 3)

sinacosa

Given that the normals to the curve C at 4 and B intersect at the origin, i.e.x =0 and y = 0.



Substitute x =0 and y =0 into (3)
2sin® @ —cos’ @

sin @ cos @

0—cos’ @ =— (0—3sinacos’ 6)

S
—cos’ 0 = —M(—3 sin @ cos” )

siné@cos @
cos’ @ =3cos”> @—6sin’

6sin* @ =2cos* 6

sm29_£
cos’d 6
tan? _1
3
tan49:irL
3
gzﬁjs_”
6 6
Sincea < b,
LA 3
6 6
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Solution

(a) Given y=(x—y)’
Differentiate both sides with respect to x
dy dy
—_ = 2 X — _
= ( y)( dx)
Differentiate both sides with respect to x

d’y (v, dv NG
dxz_z(l dxj(l dx)+2(x y)( dsz

d
& dyY " &
Y _H12Y . _dx 4V

2 2
dx dx LU dx

dx
b dy (Y
dr dr ) dd dx
3

ic{ 2(1 d—yj (ShOWN) wovvvvveeeer. (1)

2

(b) If C has a stationary point of inflexion, then both jxy 0 and % =0.

) =

d’y dy
Subst —=-=0 and — = O into (1).
dx dx

LHS=0
RHS=2(1-0)’ =2
Since LHS # RHS for all x € R, C cannot have any stationary points of inflexion.
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(a) If the distance 4B is the least, the line segment 4B is perpendicular to /.

(b) Given B(b, 24/b) and A(a, 2a+1)

2Jb-2a-1
—a
From the equation of the line /, gradient of / is 2.

Gradient of BA =

From (a), the line segment AB is perpendicular to /.

AWb-2a-1_ 1
b—a 2

(¢) Length AB
= Jb—2a-1) +(b—a)y

= \/(2\/5—201—1)2 +(4\/Z—4a!—2)2 <replace b—a = 4x/3—4a—2, refer to (1)
= Jvb—2a-1 +2° (b —a-1y’

=5(2\b —2a -1

2
= \/5(2«/5—%(b+4«/5—2)—1) < replace a :é(b+4\/g—2), refer to (2)

- (4B’ =5[2«/Z—2b—1)
5 55
:%(2\/1;—219—1)2

= %(2]) —2Jb+ 1)* (Deduced), where m = % ...................... 3)



Differentiate (3) both sides with respect to b

2AB%= 2(2b—2\/5+1)[2_Lj

5 N
When%: 0,
db
3(2b—2\5+1)[2—ij =0
5 Jb

Since (-2)* —4(2)(1) < 0, (2b— b+ 1) = 0 has no real solution.
Consider (26— 2\b + D=0

po L

Jb
p-1
4

Substitute b :% into B(b, 2+/b)

.. the coordinates of the point on C that is nearest to/ = (%, lj.

(c) Alternative Method I

(AB) = %(2[) —2b+1)

:%(b—«/Z+%j2

2
Since (\/E —%) > 0 for all real b, (AB)” is the least when f = %, thatis, b = %

. . 1
Hence the point on C nearest to/ is (b, 2\/17) = (Z, 1}



Alternative Method I1
When (A4B)’ is the least, tangent to C at B is parallel to /, i.e. gradient of tangent to C = 2

¥y =4x
d
2yay:4
dy 2
&y
At (b, 24/b), substitute y = 2+/b into y_2
de y
_ 2
dx  2Jb
_1
b

.. the coordinates on C nearest to / is (%, 1)
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Solution
(a) Given x=tan ..................... @)
and y=seCO .ccovevrveeunnnn. 2)
Differentiate (1) with respect to &
dx sec’ @
deo
Differentiate (2) with respect to &
dy

—— =secfHtan
de

Using the Chain Rule,
dy
dy 49 _secOtand
de dx  sec’d
dé
_ tan®

secl

=sin@

.. the gradient function is sin &

(b) Equation of tangent at P(tan &, sec 8) is
y—secd=sinf(x—tanf) ................. 3)

The tangent at P(tan &, sec @) meets the x-axis at Q.
Substitute y = 0 into (3)
0—secd =sinf(x —tan9).
sin @ 1
X = ——
cosf sinfcosl
B sin® 6 -1

sin@cos @

_ cos’ 0
sin @ cos @
x=-—cotf

Tangent at P intersects x-axis at Q(—cos @, 0)

Gradient of normal at P = —

sin@
Equation of normal at P(tan 8, sec8) is
1
y—secl=— (x—tan@)

sinf



(©

The normal at P(tan 8, sec ) meets the x-axis at R
Substitute y = 0 into (3)

0—secl = ._1
sin
x= sin 6 +tan @
cosd

=2tan@

(x—tan0)

Normal at P intersects x-axis at R(2tan &, 0)

Triangle POR is a right-angled triangle in circle, so OR is a diameter.

()

_ [2tan0-(- cot&)j

A=rx tanc9+

j (Shown)

()
dr 2t
=2 t+Lj(l—L
2t 242
.. 1 1
At minimum, 2| f+— || 1-— =0
2t 21
1—L =0 or t+L =0
2 2t
212 =1 t+%> 0, fort > 0. .. there is no solution

1
t=——,wheret >0

NG

l/tane ‘ :
”(t ] O(-cot0,0) 1~ y=x

S RQund,0)



2
From (c), i(l +ij
2t

de
=2 t+L I—L2
2t 2t
1
=2 t———
( 4t3j
Differentiate 2(t + 4%3) with respect to ¢
& 1Y
dtz( 2tj
3
=2|1+—|>0forallz >0
4¢

Using 2nd derivative test

1 & 1Y .
Whent=—, —|t+— L =201+ + |=8>0 (min)
V2 de 2t) |- 4{1
2
1 1Y
Substitute t =—— into | t+— | .
2 2t
2 2
.. the minimum value of t+L is L £ =2
2t V202

Using 1st derivative test

2
From (c¢), i(t+i =2 t+i 1_%j
dt 2t 2t 2t
2
o2ty 1
2t 2t

1Y) 21 217 +1 .
Whent:[—J , then 2¢% <1, so[ t2 J<0. Also,( 12t+ J>0forposmvet.

V2 £
2
" i t+L <0
dr 2t
+ 2 2
When ¢ = L then 2¢2 > 1, so 2 21 > 0. Also, 2+l > 0 for positive z.
2 2t 2t
2
" i t+L >0
dr 2t

—

& [ 6)

i(r + LJ Negative 0 Positive
dr 2t

Tangent \ — /




Y. . 1
. | t+— | 1s aminimum when ¢t =| — |.
2t V2

1 1Y
Substitute t = — into (t +2—j .
t

V2
2 2
.. the minimum value of t+i is L ﬁ =2
2t V202

Given 0 < 9<%,tan¢9>0

2 p 1 2

j over 0 < 8 < EY is equivalent to minimizing 4 = ﬂ(f + 2—) fort > 0.
t

So minimizing 4 = | tan 6 +
tan @

1
When t=—
V2
1
tanfd = —
V2
2
“A=rmw L+ !

1]

=2r

. 1
Hence the minimum value of 4 = 277 when 6 = tan™' ﬁ (Deduced)
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(a) The graph of mirror C

¥ ==2x+4.

o

/ 0,-2)

(b) Given y* = 2x+4
Differentiate (1) with respect to x

dy
2y—=-2

e
dv_ 1
ey

At P —lk2 +2, k |, the gradient of tangent at P, d_y = —l
2 dx k

.. the gradient of normaltoCat P=+k

Equation of normal to C at P is

o)

Let ZAPN =0
Given P bisects angle APB, .. PN bisects angle APB.
.. ZNPB=0

Then LPNB =60 (AP// x - axis, alternate angles)
Hence BN = BP (isosceles triangle)



Substitute y = 0 into (1) to find the x-coordinate of N

0=hx +lk3 -k

2
1.,
O=x+—Fk" -1
2
X = l—lk2
2

The coordinates N = (1 —%kz, Oj

Let the coordinates of B = (b, 0).
Length BP

=\/(b—(—%k2 +2D +(0-k)
Length BN
L)
2

Refer to the diagram. ANBP is an isosceles triangle, so BN = BP.

S R R )
oot
R
SRS SERNEE

2b-3+k* =k’
2b-3=0
3

b=
2

. .3
Hence, x-coordinate of B is )

The x-coordinate of B is independent of £.
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(a)(i) Given f(x)= X2€% e, )
Differentiate (1) with respect to x

£1(x) = x> (2x€" )+ 2X€" oo )
=2xe" (x* +1)
For the function to be increasing, f '(x) > 0
o 2xet (x*+1)=0
Since x> +1>0 ande* >0, forallx e R,

x>0

The range of values of x for which y is increasing is x > 0.

(a)(ii) When x =1, substitute x =1 into (1) and (2).
From (1): f()=e
From (2): f'(1) =4e

Equation of tangent at (1, 4e) is

y—e=4e(x-1)
y—e=4ex—4e
ie. y=4ex—3e

The equation of the tangent to the curve, at x =1 is y = 4ex —3e.

(b) The graph of y =g'(x).

y=g'(x)

(0, U}

(a.0)




57

Solution

(a) Point F lies on the circumference of the circle,

.. the coordinates of point F are (cost, sint) y
LAOF =z —t
Arc length AF =(1)(x —t) < arc length =0

=Mz -0

Length FB = AB— AF
=r—(mr-1t)
=t

ZNFO =rx—t (int. angle, FN is parallel to x-axis)
4BFN = ZBNO - ZNFO

=20

T
=f——
2

*. angle that /B makes with the horizontal = ¢ —%.

x -coordinate of B

=Cost? +tcos(t —%) < cos(—0) = cos @

=cost+tcos(%—tj < COS(%_HJ =sind

=cost+tsint

y-coordinate of B

. . T
=Ssint+sin| t ——
2
. . (7
=sinft—¢sin| ——t
2

=sint—tcost

.. the parametric equations of the curve C are x = cos? +¢sint, y =sint—tcost, for0<¢ <.



(b) Given x =cost+tsinft .................. (1)
Differentiate x with respect to ¢
dx . .
— =-—sInf+sinf¢ +tcost
dt
=tcost

. dx
For maximum x, d_ =0
t

. tcost=0

t=0 or cost=0

T
t==
2
2
— =cost —tsint
dt
2
When =0, S =150,
dt
2
Whentzz, d—f:—£<0.
2 dt 2

. . Vs
Thus x is maximum when ¢ = E

(¢) The graph of curve C

(_11 7"’}

(d) Giveny =sint—7cosf .....cccuene.... 2)

d .
S cost—(cost—tsint)
dr

=tsint

Using the Chain Rule,
dy

Y_w




Given that Point P on C has parameter p, i.c. t = p.

Substitute ¢ = p into (1), (2) and (3).

From (1): x=cos p+ psinp

From (2): y=sinp—pcosp

.. the coordinates of point P = (cos p + psin p, sin p — pcos p)
From (3): % =tanp

1
tan p

.. the gradient of normal at P = —

Equation of normal at P is
y—(sin p— pcos p)=(—cot p)(x—(cos p+ pSin p)) ....ccoeevenee. 4
Given that the normal at P cuts the y-axis at the point Q(0, k), substitute x =0 and y = k into (4)

k =cotpcos p+ pcosp+sinp— pcosp

=cot pcos p+sin p
2
0s .

=— p+smp
sin p

_cos’ p+sin’ p
- sin p
1

- sin p

Given0< p< 7

sin0 < p <sinz < introduce sine function all sides

O<sinp<1
! >1
sin p

i.e. k>1 (Shown)



Exercise 8

H Exam Style Questions
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Solution
2 2
Given >+ Y 5 =xy°
I+x° 1+y

Differentiate both sides with respect to x

dy 2 2 dy

23 Y1472y Y

2x(1+x") X' (20) | Y 1y ( ydxj
(1+x%) (1+y*)?

dy
=3x"y" +5x°y* =
y y !

Substitute the point x =1 and y =1 into (2)

2 ,dy

42_22+ dx22 de 3,5
l+ld_y:3+5d_y
2 2dx dx

S %y

2 2dx

d__5

dx 9

Gradient of the tangent at (1,1) is —g

Equation of tangent at (1,1)is

5
—1=—2(x-1
y 9( )

9y-9=-5x+5
5x+9y=14
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Solution

Differentiate (1) with respect to x

x-(2Inx) (1) —(Inx)*(1)
dy X

= < apply quotient rule
dx x’

_(nx)2-Inx)

2
X

At the turning point, % =0.

(Inx)(2-Inx)
x’ -
(Inx)2-Inx)=0

Inx=0 or 2-Inx=0

0

x=¢e or Inx=2

2
x=1 or x=e

Substitute x =1 into (1).
In1)’

1
The coordinates are (1, 0).

0

Use First Derivative Test

. . .. . x 1 1 1*

.. the point (1, 0) is a minimum point. T
o — 0] +
dx
Slope \ — /

Substitute x = ¢* into (1)

(Ine*)’

y =
eZ
_ (2Ine)?
eZ
4
e2
. , 4
The coordinates are | e*, —
e
Use First Derivative Test ~ Ty )
dy - —

~ the point | &2 4. . . dx
.. the point| e”, pes is a maximum point. Stops| 7 :




(b)

(1 4J
e, —
\ e

X
X

0| (1,0)

(c¢) Given (lnx)2 =kx
(In x)* —k

X

2
The horizontal line y = & will cut the graph of y = (Inx)”
x

. . . 4
at three distinct points provided 0 < k < —-.
e

4 "
0| (1,0) >

Hence set of values of & such that the equation (In x)* = kx has three distinct real roots is {k eR:0<k< iz}
e
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Solution

Given y =3x" —k° ln(ij .................. (1)

Differentiate both sides with respect to x

Tt

2
:6x—k—
x

At stationary point, % =0

2
Le. 6x—k—= 0
X

(@)
=
Il

=
o
Il

SR

=
Il
I+

o §‘| =

Since k >0 and x

=
Il
=V

S

Substitute x = L into (1)

J6
k
y:{%j_mn 58

2
k_ —n (LJ
2 46
The stationary point is [@, k’ (% —In/6k +In 24}]

Use Second Derivative Test

2

4o)

drldry/) dx X
dZy k2
PR

2
Since k >0andx >0, .. k—2>0
x



2 2
jx)2}=6+k—2>0
X

Hence the stationary point {@, K (% —In6k +1n 24)} is a minimum point.
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Solution
2x
= e
fi(x) = (x+D(x=2)(2) - (2x)(2x - 1)

[(x+D(x-2)]
-2x" -4
[(x+D)x-2)]

[(x +1)(x— 2)]2 is always positive, for all real values of x.
—2x* —4 is always negative, for all real values of x.

) 2x* -4
[+ DE-2)]

< 0 is always negative.

Thus, f'(x) <0 for all values of x. (Proved)
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Solution

(@) Given X’ —xy+1*=a=0 .ccoooerrrnnn... (1)
Differentiate (1) with respect to x

dy dy
2x—-y—-x—4+2y—=0
T T
dy
(2y—x)a=y—2x (Shown) .....c.ccvenvenee. 2)

(b) Given that x = 2J3isa tangent to the curve C, which means that the tangent is parallel to y-axis.
ie. Y —
dx

dy
From (2): Qy—x)—=y-2
(2): 2y X)dxy x

dy  y-2x
dx 2y-x
For d—y—>00, let2y—x=0
dx
2y=x
When x = 24/3, 2y=23
y=13

Substitute x = 2+/3 and y= V3 into )

(2437 ~(2V3)(3) + (3 ~a=0
43)-23(\3)+3-a=0

Hence a =9

(c) At stationary points, % =0.
From (2): (2y-x)(0)=y—-2x
0=y-2x

Substitute (3) into (1)

X =2x"+4x"-9=0
3x*-9=0
X = i\/?;
Substitute x =+/3 into (3): y =23
Substitute x = —/3 into (3): y = 23

The exact coordinates of the stationary points are (\/g , 243 )and (—\/g , 23 )



(d) Differentiate (3) with respect to x
dy
2y—x)—=y-2
@y-x)-=ry-2x
2
2V d—y+(2y—x)d—f=d—y—2
dx dx dx®  dx

At stationary points, % =0.

d’y
dxl

(2(0)-1)(0)+(2y-x)—=5=0-2

At («/?: , 2\/5), substitute x =+/3 and y= 24/3 into @)

2 —
dJ;z 2 <0.
dx®  2y-x)

The turning point («/5 , 23 ) is a maximum point.

At (—\/g , 23 ), substitute x = —/3 and y = —24/3 into 4

2 —
d_);: 2 >0
dx”  (2y-x)

The turning point («/5 , 243 ) is a minimum point.
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Solution

(@) Let x> =3xp+2y° =6
Difterentiate (1) with respect to x

dy dy
2x—3x—-3y+4y—=0
o 0V

dy
3x—4y)—=2x-3
( y)dx Y

T )
dx 3x_4y ........................

Substitute the point (2,3) into (2)
dy _2(2)-30)
dx  3(2)-403)

Equation of tangent at (2,3)
5
-3==(x-2
y s (x-2)

6y—18=5x-10
6y =5x+8

The equation of the tangent to the curve at (2,3) is 6y = 5x+8

(b) For tangent parallel to the x-axis, % =0

2x-3y
3x—-4y
2x—-3y=0

2

="x
73

From (2)

=0

Substitute y = %x into (1).

2
x° 3x(zxj+2[2xj =6
3 3
—9x% +8x% =54
X' =-54

Since x* > 0,x € R. There is no point on the curve at which the tangent is parallel to the x-axis. (Shown)



(¢) Lety=a , where a is a constant
Substitute (3) into (1) gives
x*— 3xa+2a>=6
. x*=3xa+(2a*-6)=0
Using the Discriminant, D = (-3a)’ —4(2a” - 6)
=a’+24

For any real values of @, a® > 0. .. a’ +24 is positive.

Since discriminant, D >0, .. y =a and curve intersect at 2 distinct points. (Shown)
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Solution

Let x* +)" = p(x=3) oo, 0]
Differentiate (1) with respect to x

dy dy
2x+2y—=y+—(x-3
ydx Y dx( )

dy
—Q2y-x+3)=y-2x
dx( y )=y

dy  y-2x

dr 2 y—x+3
. dy
For tangent to be parallel to y-axis, . —> o0,

Let 2y—-x+4+3=0

Substitute (2) into (1)
2y+3)"+)" = ¥(2y)
3" +12y+9=0
(y+3)(y+1)=0
y=-3or -1
Substitute y = -3 into (2): x =-3

Substitute y = —1 into (2): x =1

The points at which the tangents are parallel to the y-axis are (—3,-3) and (1,-1).
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Solution
(a) Given x=acos* @ ......ccco........ (1)
and y=asin’@ ... 2)

Differentiate (1) with respect to &

ﬂ =-2acos@sind
de

Differentiate (2) with respect to &
D 345in” cos 0

Using the Chain Rule,

dy
[T
dx &
de

_ 3asin® Hcos O
—2sin@cos@

:—isinH
2

When the tangent to C at the point where C crosses the x - axis, i.e. y = 0.

Substitute y = 0 into (1)

asin® =0
sind =0
Substitute sin@ =0 into (3)
o,
dx

Since Y =0, i.c. the gradient is 0. The tangent at the x - intercept is parallel to the x - axis.

(b) The graph of curve C

O a
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Solution
(a) Given x=2c08" 0 ...ccceoevnnr.... 1
and  y=2sin’0 .o )

Differentiate (1) with respect to &
dx 2 .
— =3(2)cos” f(—sin bl
10 (2) ( )
=—6sinfcos’
Differentiate (2) with respect to €
P 3(2)sin” O cos &
do

= 6sin’ Ocos O

Using the Chain Rule,
dy

b_a

de 9

de

_ 6sin’ Ocos @
—6sinfcos” @

sin@
cosd
. . sin@
.. gradient of tangent with parameter 8 = —
cosd
cosd

Hence, gradient of normal with parameter 6 = —
sin @
Equation of normal to the curve at (2cos’ 8, 2sin” 8) is

cosd
sin @

y—(2sin’ @) = (x—2cos’ )

ysin@—2sin* @ = xcos@—2cos* 0

ysin@ = xcos@+2(sin* @ —cos* @)  (Shown) .........

(b) Atpoint O, 6 = %
Substitute 6 :% into (3)

. T ( 4T ur]
ysin— = xcos—+2| sin” ——cos” —
6 6 6 6

OECIEBRE

". equation of normal to the curve at Q,i.e.0 = % isy= x-2



When the normal to the curve at O cuts C again at P,i.e.6 = p.
Substitute (1) and (2) into (4)

2sin’ @ =~3(2cos’ ) -2
When 6 = p,

2sin’ p =/3(2cos’ p)—2

sin’ p—~/3cos’ p+1=0  (Shown)

Use GC to solve sin’ p —J3cos’ p+1=0.

p=-0.7445633 or 0.52359878 (rejected,since when p = (0.52359878, it gives point Q)
Substitute p = —0.7445633 into (1) and (2).

From (1): x = 2cos’ (-0.7445633) = 0.795

From (2): y = 2sin’(-0.7445633) = -0.622

.. the coordinates of P are (0.795,-0.622)
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(a) The graph of curve C

Differentiate (1) with respect to ¢

ﬁ =2at
deo
Differentiate (2) with respect to ¢
Y__a
do 7
Using the Chain Rule,
dy
Y _a
dr &
dt
e, b
£ 2at
1
= Y (Shown) ...cceoveveeecnnene 3)

(c) Atthe pointP(apz, ij, where ¢ = p.
p

Substitute ¢ = p into (3)
dy 1

T 2 P’
Equation of tangent at P is given by

_a_ 1
T 2

(x—ap®)

2p’y—2ap® =—x+ap’
2p°y+x=3ap® (ShOWN) ...coovvveirrrrrrie.



(d) Given that the tangent to the curve at P cuts the curve again at Q[aqz, gj,
q
substitute x = ag® and y =< into (4).
q

ie. 2p3£+aq2 =3ap’
q

g’ -3p’q+2p’ =0
(g—p)’(q+2p)=0

q=p or g=-2p
Since g # p, thus g =-2p.
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Solution
(a) Given x=1-6cosf .................... )
and y=1-c08O .ccoovevvervenennen. 2)
Differentiate (1) with respect to &
ﬂ =0—(-0sinf+cosH)
do
=@sinf —cosd
Differentiate (2) with respect to 6
L2 =sind
0
Using the Chain Rule,
dy
d_ 40
de &
o
_ sin @
Osin @ —cosd
dy _ sin 0

" dx  Osin@-cosb

As §— 0, sind —>0. .. d—y—>0.
dx
. dy
As @ —>rx,, sind —>0. .. a—)O.

The gradient of the tangents tends to zero.

The tangents tends to become horizontal lines.

(b) When 6 =0, substitute & =0 into (1) and (2)
x=1-(0)cos(0)=1
y=1-cos(0)=0
The point is (1, 0)
When ¢ = 7, substitute § = 7 into (1) and (2)
x=1-zmcoswr=1+x
y=1-(-1)=2
The point is (1+ 7z, 2)

The graph of C

(1+m,2)

o] (L0




(¢) When 0= %, substitute & :% into (1) and (2)
From (1):x = l—zcos[zj =1

2 2
From (2):y = l—cos(%} =1

The point at :% is (1, 1).

Substitute :% into (3)

: T
d_y _ Sin [E)
dx =2 Tsin (1J —cos [f)
2 2 2
_2
7
The gradient of normal at & :% is —%

Equation of normal at 6 :% is

y1==Z(x-1)

= Zii1+Z
7 2 2

For point Q, let x = 0, substitute x =0 into (4)

T
Ly=l+—
7 2

Coordinates of O = (0, 1+%J

For point R, let y = 0, substitute y =0 into (4)

3]
x=—|1+—
T 2

:£+1
V

Coordinates of R = [£+ 1, 0]
T

Area of AQOR ,

| )
= E(OR)(OQ) A (1+7.2)

AN

=l(£+lJ(l+£J 0

2\« 2
7+ 2)?

4z
- X
o (1,0
¥ =—§.‘(+{]+§}
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Solution
. 1
(a) Given x —t+; .................... (1)
1
and  y=f—— s 2)

Att = p, substitute = p into (1) and (2)
1 1

x=p+— andy=p——
p p

The coordinates of P are ( p+ l, p —lj
p 4

At t = g, substitute ¢ = ¢ into (1) and (2)

1 1
x=q+— andy=¢q——
q q

. 1 1
The coordinates of Q are Eq +—, ¢q ——j
q q

Gradient PQ

- &1 (Shown)



(b) Differentiate (1) with respect to ¢
dx | 1

d 7

1
dr t
£ +1
- -
Using the Chain Rule,
dy
dy
dr &
dr
£+1 7
= X
N |
£+l
-1
2
Att=p, dy _ 1?2 +1
dx p -1
1-p°
Thus gradient of normal at P is 50 (Shown) .....ccevveveeennennns 3)
+p

(¢) Att=r, substitute t =r into (1) and (2)

x=r+l andy:r—l
r r

The coordinates of R are (r + l, r —lj
r r

Gradient PR
+1 1
=P < replace ¢ =r in PAY2 fom (C:) [ “4)
pr—1 pg—1

Note that PR is parallel to the normal at P. Thus gradient PR = gradient of normal at P
ie. =4

pr+1 _l—p2
pr—1 1+p°

(pr+1)(1+p*)=2-p*)pr-1
pr+pr+l+p’ =pr-pr-1+p’
pr=-1

r= —% (Shown)
p



(d) Att=-p, substitute f =—p into (1) and (2)

1 1
Xx=-p+— andy=—-p——
w4 -p

The coordinates of S are [— p —l, -p+ lj
p

Gradient PS

_pEp)+l . pg+l
= < replace ¢ = —p in

p(=p)-1 pq—1

from (a)

2

l-p
1-|-p2

Gradient SR

r+1 +1
P <replace ¢ =r in P4
pr—1 pq -1

from (a)

41 1
- % < replace r = —— from (¢)
p(=p7)-1 P
p72 +1

p-1

Gradient PS x Gradient SR

__l—ple—i-p2
1-|-p2 l—p2

=-1

PS is perpendicular to RS. (Shown)
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Solution
(a) Given x=¢'SiNt .cceoevervrvrererennn. (1)
and Y =€ COSt cvvrrereirrnen. 2

Differentiate (1) with respect to ¢
dx b t
— =¢ sinf+e¢e cost
dt
=¢'(sinf+cos?)

Differentiate (2) with respect to ¢

d . -
9 e’ (—sint)—e™ cost
de
=—¢e'(sint + cos?)
Using the Chain Rule,
dy
Y _a
de &
de
_ —e '(sint +cos?)
¢’ (sint +cost)
1
== o
Cdy 1
: d.x eZt
1
For —EStéz, d—y=—7<0
2 2 dx e’

Since % # 0, therefore C has no stationary point.

(b) Equation of tangent at parameter ¢ is
y—¢e’ cost:—eIT(x—et 30112 JPRT 3)
Given that the tangent to pass through origin, substitute x =0 and y = 0 into (3)
0—e™' cost = _elT(O_ e ' sint)

—e ' cost=¢'sint
tant = -1
T

t:—z where —ESIS—
4 2 2



Substitute 7 = —% into (3)

ik i

1 = z 1 -~
et =—-e?| x+—=e ¢

R 2
y=—elx

z
2

The equation of tangent is y = —e2 x

|
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Solution
(@) Given X =SIN‘COSE wovvvevrrreverieerennens (1
and y= cos(t +%j ...................... 2)

Differentiate (1) with respect to ¢
dx .
—=cos’ t—sin’ ¢
dr

Differentiate (2) with respect to ¢

dy d( T ﬂj
— =—| costcos——sintsin—
de det 4 4

V2 d

=——(cost—sint
2 dt( )

2 .
= —7(s1nt +cost)

Using the Chain Rule,

—\/25 (sint +cost)

cos’ t —sin* ¢
_ sint +cost
- \/E(cos t+sint)(cost —sint)
_ 1
- \/E(sin t —cost)

Y 1 (Shown)
dx  /2(sint—cos?)

. dy.
(b) For tangent parallel to y-axis, Y is undefined.

Let the denominator of d_y = _r
dx \/E(sin t—cost)

be zero.

1.e. sint—cost=0
tant =1

T

t==

4

Substitute ¢ = 7 into (1): x= smzcos—

1
2

Equation of tangent is x =%



(¢) Given that the curve cuts the y-axis at the points P and Q, i.e. the x-coordinates of P and Q are zero.
Letx=0.

. sintcost =0

sint=0 or cost=0

1=0 ==
2

Substitute ¢ = 0 into (2)

V4
=cos| 0+—
g (4J

Substitute ¢ = % into (2)

¥y =cos .z
2 4

__2
2
.. the coordinates of P and Q are P(O, g] and Q(O,—%}
(d) Refer to the diagram. i‘
0.2
. 1 (V2 . 07
Area of triangle POR = EX 2 - xsin @ cos @ “
N
\ W (5.7))
_ %(%sm 29J ,Illlﬁksm(,‘coso'. COSL(HZJJ
0 i X
_ sin26
2\/5 /)"I
Yy
_ J2sin 26 (Shown) .
4 Qiﬂ.—%J

Method 1 (Use calculus)

d (ﬁsmzeJ ~ 22co0s26

a6

4 4
At stationary, 2\/5(5%20 =0
cos20 =0
20="
2
9="
4



Method 2
Since 0 <sin268 <1 for OSHS%,

Max area of triangle POR occurs when sin26 =1.

sin26 =1
20="

2

9="

4

The value of @ is %
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Solution
(a) Given x =5asecl ........coueeuunnn. (1)
and y=3atand .................... 2)
From (2), let y =0.
3atan =0
=0

Substitute & = 0 into (1)
*x=5a

Coordinates of x-intercept of C is (5a, 0).

(b) Differentiate (1) with respect to &

ﬂz Sasec@tan
de

Differentiate (2) with respect to &

b _ 3asec’ 6
do

Using the Chain Rule,
dy
d_w
de &
dr
_ 3asec’d
Sasec@tan @
B é( 1 j(cos 6’)
5\ cos@ )\ sind
= écosec&
5
d 3
. —==cosec (Shown) .......cceo.c..... 3
Fl ( ) 3)

(¢) Gradient of normal = -

=cosecé
5

. T . .
Given that normal makes an angle 2 with the positive x-axis,
. . V4
i.e. gradient of normal = tanz

5.
——sin@ =1
3

sin¢9:—E
3



(@)

From the diagram, 4

cosd =—

tand = —

From (1): x=35asec@

1 4
= Sa( j < substitute cos @ = —
cosd 5

4
=§a and
4
From (2): y =3atan@
y=3a (—EJ < substitute tan 6 = 3
4 4

=——a

The coordinates of the point is (% a,— % aj

Atf = %, substitute @ = % into (1), (2) and (3)
From (1): x= Sasec( ) 5v2a

From (2): y =3atan (%) =3a

From (3): % = %cosec (%) = ﬂ

5

. . . 2
Atd= % the coordinates are (5«/§a, 3a) and the gradient of the tangent is 3T

. 7T,
Equation of tangent at 8 = 7 is

y— 3a—i(x SINGY) R (5)

The tangent meets the y-axis at S, i.e. when x = 0.
Substitute x = 0 into (5)

- [(0 5v2a)
3\/_( 5\/7a)+3a
=-3a

. T(0,-3a)



Gradient of the normal at 8 = % is _—5

32

Equation of normal at 8 = %is

=5
y-3a=——+=(x— 5v2a
3V2 ( )
The normal meets the y-axis at 7, i.e. when x = 0.

=5
y—3a= ﬁ(O—Sﬁa)

-5
=——(5v2a)+3a
g 3V2

2
34
=—ua
3
T[O, ﬁa}
3
Distance ST
= ﬁa +3a
3

= ﬁa, where k = Rl
3 3
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Solution

(a) At stationary f'(x) =0, i.e. the x-intercept of the graph of y = f'(x).

From the graph, x =—a andx =a

x (—a) | —a | (—a)
f'xy| + [0 -

From the table, we note that f'(—a) < 0.

*. when x = —a, the point is a maximum point.

X a a a*‘

fi(x) | — 0 | + \

From the table, we note that f'(—a) > 0.

". when x = —a, the point is a minimum point.

(b)) For y =f(x) is strictly increasing, it occurs when f'(x) > 0.

From the graph, this occurs when x < —a or x > a.
T x<-a or x>a
(ii)  For y =f(x) concave downwards, it occurs when f"(x) < 0.
Refer to the graph given. This occurs when graph of y = f'(x) is downward slope.

x<0
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(a) The graph of y = f(1-x)

vo0 o s a0
3

x=4

(b) The graph of y =£'(x)

y=1x)
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Solution

(a) The graph of y=£'(x)

LY /(5.0

(b)(i) The range of values of x for which y = f(x) is strictly decreasingis —1<x<2 or 2<x<5.

(ii) The range of values of x for which y = f(x) is concave upwards is x > 2.
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(a) The graphof y = fL

(x)
)
A y=2
G
i
0 /(3, 0
BN

(b) The graph of y =f'(x)

L0

A

(¢) The graph of y = | f (x)|
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Solution
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Solution
. 1
(@) Given x=2f—— ...coceeveenrns (1)
t
1
and y= t+; ..................... 2)
Differentiate (1) with respect to ¢
dx =2+ iz
dt t
Differentiate (2) with respect to ¢
dy 1
==1-=
dr t
Using the Chain Rule,
d
b _dr
ar d
dr
1
e
T
2+ =
-1
2t° +1

—(2t"+1)-=
2( ) 2

2¢% +1
@+ 3
20207 +1) 2027 +1)
1 3

L5 Sh
) (Shown)



(b) Consider 2 >0, forallz, t#0
2 +1>1 <add 1 on both sides
1
26 +1
0< + <—
2027 +1) 2
1 1

S —
2 2028 +))
3 3

0

<1 < multiplicative inverse

1
< multiplty 5 on both sides

P2 <0
2 2028 +))

1 3 1

A< <

2 20280+ 2
_1<d_y<l

dx 2

.. therangeis —1 <d_y < l
dx
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Solution

Given  x=1In(2¢) coovevevieieeieee,
and y=tan" (26) oo

V4
(a) Asx—)oo,t—)oo,soy—)E,

i.e. curve C approaches the line y = %

Asx > —o,t > 0,50 y > 0,
i.e. curve C approaches the line y

=0

The curve C has horizontal asymptotes y =0and y = %

Substitute x = 0 into (1)

In(26) = 0
2t =1

T

SLy=tan'()==

y @1 2

Curve C has y-intercept (O, %j

Since ¢t > 0, then y # 0, so the curve C has no x-intercept.

(b) Differentiate (1) with respect to ¢

dc 2
A2
1
Tt

Differentiate (2) with respect to ¢

dy_ 2
dr  1+(2t)
2

e




Using the Chain Rule,
v _ & &

dx dr dt
2t

e
2

When y = p, substitute y = p into (2)
tan”' (2t) = p

Substitute (4) into (3)

dy  tanp
dx I+tan’p

_tanp

sec’ p

_ ( sin p j(cosz )
p

COoS

=sin pcos p

_ 2sin pcos p
2

1
=—sin2
) p

.. Gradientof C at y=p is %sin 2p (Shown), where k =2

T T
¢) Whenp=—,ie.y=—.
© p=p1ey=7

Substitute y = % into (2)

=tan"'(2¢)

Substitute ¢ =% into (1) and (3)

x=In1=0
dy 11

d 1+1> 2



Equation of tangent at (0, %j is

T (x-0
y=3=76-0
1.7 (1)
R e

Equation of normal at (0, %) is

T
2 =2(x-0
Y7 (x-0)

Substitute y = 0 into (1) and (2)
From (1): 0= lx+£
2 4

T
Xx=—=

2
. T
The coordinates are (—5, Oj.

From (2): 0= —2x+%

X =

8

The coordinates are (—%, Oj.

Area of triangle bounded by the x-axis, the tangent and normal to C

)

.,
= units
64
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